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An asymptotic method of solving certain problems of optimal control of motion
of the standard type systems with rotating phase is developed, Itis assumed that
the controls enter only the small perturbing terms,and that the fixed time inter-
val overwhich the process is being considered is long enough toensure that the
slow variables change essentially, Assuming also that the system and the cont-
rols satisfy the necessary requirements of smoothness, the method of canonical
averaging [1] is used to construct a scheme for deriving a simplified boundary
value problem of the maximum principle, The structure of the set of solutions
of the boundary value problem is investigated and a scheme for choosing the op-
timal solution with the given degree of accuracy in the small parameter is
worked out, The validity of the approximate method of solving the boundary
value problem is proved, The method suggested in [2] for constructing a solu-
tion in the first approximation for similar problems of optimal control is deve-
loped,

1, Formulation of the problem of optimal control for the stan=
dard systems, We consider a controlled system of standard type with a rotating phase

(2] a =cef(a, P, u, ), a(ty)=a (1. 1)
Y= o (a) + eF (a, P, u, &), P(t,) =,
Here a = (ay, - - -» @n) is the slow vector, { is the scalar rotating phase, u & U

is the control vector of dimension m, U is the fixed convex set, | € | < &y is a small
numerical parameter; {,, @, and P,are the initial parameters. The functions f and
F are assumed to be 2m-periodic in ¢ and differentiable a sufficient number of times
with respect to all arguments, The control performance criterion is taken in the form of
a smooth function of the value of the variable a at the fixed instant of time ¢ =T,
where T ~ &~! [2], Since the dimension n of the vector @ is arbitrary, we can assume
that the minimizing functional J has the form

J=a, (I)>minus U (1.2)

We require to construct a solution of the optimal control probiem (1, 1), (1. 2) to an ar-
bitrary, predetermined accuracy in the powers of the small parameter, The solution is
based on the necessary conditions of the maximum principle [3], We construct the ad-
missible solutions of the two-point problem to within the prescribed accuracy with res-
pect to the slow variables and the functional, and from amongst these we choose the op=
timal solution [2].

The boundary value problem consists of solving simultaneously the equations (1, 1) and
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a system for the conjugate variables p and ¢ with the following boundary conditions at

=T pP=—0H/da=—wq—eld(pf)/da-- qoF /dal  (1.3)
¢ =—0H/op = —elo(pf)/ dp -+ qdF / oyl
p(T) —=—PT=(_1107"'v0)1 Q(T) =0 (L4

Here M is the Hamilton function of the problem [3]
H=c¢(@p))+qlo-+eF), @)=ph+ ...+ Pafn (1.5)

The control u* is chosen from the condition of maximum of the function H with res-
pect to u , with the remaining arguments fixed

u* =V (a, %, p ¢ ¢ (1.6)
We assume that the sufficiently smooth function ¥ can be determined uniquely and is
27 -periodic in 1.

The system of equations (1, 1), (1. 3) is not standard in the sense of {2], as p® does not
vanish identically when & = (), However, we can use the approach employed in 2] to
reduce this system to the standard form of 2n 4 4 equations in @, ¢ and p, since the
variable ¢ ~ g can be uniquely determined from the condition of constancy in the func-
tion H

Hl|y = ¢h = — ed, @(T), ¥ (T), pr, O,€), h~1 1.7

q = 80 (h’ a, ‘pv D, 8) =eo! [h - (pAO)] {1 — go! [(paA /69)0 +'
Y,ly - €d...
Here A and ¥ denote the functions f and F containing the expressions for z given
by (1. 6) and the subscript , indicates that the corresponding value of & is zero,

Thus the solution of the initial boundary value problem is reduced to solving the stan-
dard system with a rotating phase for a, 9 and p, after which the parameter A and the
variable ¢ can be found from the relations (1.7),

The proof of the validity of the method of averaging the approximate solution of the
standard system with a rotating phase is given in [1] for the initial conditions stated above
and h ~ 1, Sects, 2 and 3 of that paper deal with the problems of constructing the ap-
proximate solution of the boundary value problem, and determining the parameter 4
with the required accuracy. The controlled systems with a small parameter and the sys-
tems with small controls acting over short and asymptotically long intervals of time ,
were investigated in [4 — 11],

2, Constructing an averaged canonical system of equations,
The order of the system can be further reduced by dividing by 4 , and this converts it
to the standard form [1], When the value of A is fixed, the resulting nonautonomous
system of 27 equations is canonical, and its Hamilton function is — &Q (k, @, ¥, P, €)
[12]
da/dp = eA (0 + e¥)' = —edQ/dp (2.1
dp/dp = —e {0'Q -+ [0 (pA)/0a + ¢ Q0¥ / dal} (0 + e¥)! = edQ / da
Here the rotating phase is regarded as an independent variable, while the initial and
boundary conditions for 2 and p as functions of ¢ have the form (1, 1), (1.4), The va-
lue of 1, is known, and Pr can be found from the relation
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o . .
t—to=\ S2r, Yr=%(T), T—to=Le?, L~1 (2.2)
d',

We further assumne that the solution of the boundary value problem for the system
(2, 1), with b ~ 1 and ; ~ g-1, given, belonging to the admissible domain for all
0 < | e| < gqexists, and is unique, Let us apply the methods of canonical averaging
over the variable ¥ [1, 9, 13] to the system (2, I). We perform the change of the initial
variables a@ and p to the new (averaged) variables § and W with any prescribed degree
of accuracy in &
y E=a--edo/dy, p=mn-+edo/oa (2.3)
in such a manner, that the equations ramain canonical, and the new Hamiltonian eR
does not contain the independent variable ¥

At/ dp = edR / dn, dn/dp = — edR/0E, R =R (B,Em.e) (2.4

The generating function periodic in ¢y which is nearly equal to the identity an + &0
(h, a, P, M, €) and the averaged Hamiltonian, can be found with any prescribed degree
of accuracy in e, determined by the smoothness of the system (2. 1), in the form

U=00+acl+...—ke"sk—{—..., R =Ry, + &R, +... (2.5)
-+ "Ry + ..
from the following partial differential equations [9 — 13}:
o0 / 39 — Q (b 4,9, 1 + €30 / 0a, )=R (h, a + €da / I, W, &) (2.6)

Substituting the expressions (2, 5) into (2, 6) and equating the coefficients of like powers
of e yields, consecutively, the unknown functions o; and R, (i > 0)

Ri (hs gv TI) - - <Ql> (hr gs "l) 2.m
<@MMMW————SQwa¢,M¢

¢
g, (h7 a, \p, Tl) =S [01'.(77‘7 a, 1‘1’)[7 71) - <Q‘L> (h’ a, ‘n)] d‘ll')’
dg
The square brackets in (2, 7) indicate the averaging over § The functions Q; are de-
termined, at each step, in terms of known Q,, Ry, . . ., @iy, R;,. For example,
we have aR, \ 90,

Qo = Q (h, a, ¥, 1, 0), 01=(ﬂ>+<aa% %? +( T9E ) am (2.8)

1 /0% 82Q \ do, 92Q ) 000> Q. > da,
QZ_T<632>+<8sap) + (6;)2 da + ap +
dR, R, \ dag, IR, \ aol 1 [ 3R,\ /30,
(T + (3 e+ () e+ 2 () (&)
where the expressions contained in the parentheses of the type (v / ve), (R, / JE)
indicate that the fuuctions in question are calculated at ¢ = (.
The system (2. 4) is appreciably simpler to integrate, since it is canonical and the func-

tion # is independent of . Consequently & (i, E, v, &) == const and,using this in-
tegral to eliminate any of the variables, we obtain an autonomous system the order of
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which can be again reduced by unity, In the concrete cases the above transformations
enable us to simplify the analytic construction and the investigation of the solution of
the boundary value problem. The system (2.4) is suitable for numerical computations,
as we can introduce a slow independent variable () = = ¢\ and construct the solution on
a relatively short interval: 6 & [8,, 6] where 8, = ey ~ &,and §; = eypr ~ 1.

3., Approximate solution of the problem of optimal control,
Using the formulas (2. 7) and (2, 8), we write the averaged system of the ( £ 4 1)-th

approximation k
pp Wiy Ve IR, dn(kﬂ) an 31
ao - dvnd 81] 4 - ( . )

i=0

in which the ( -+ 1)~th and higher order terms in & are d1sregarded. It follows that,
generally speaking [1], | § — &y | ~ €1, | M — Ny | ~ €+ for 6 ~ 1.

1°, A general solution of the system (3. 1) can be constructed with an error of the
order of &£¥+1,using the solution of the first approximation system, i.e. with k£ = 0.
A higher approximate solution of the initial boundary value problem is found more suit-
able if we construct a general solution of the averaged two-point problem (3, 1) satisfy-
ing the conditions Egs1) (0p) = €z and Ny (B7) = ¢4, where ¢z and €, are cer-
tain arbitrary constants belonging to the &-neighborhood of the points g, and pr , respec-
tively. We further assume that such a solution of the generating system, i, e. of the first
approximation system, is known:

g(1) = g(l) (9’ eT: h: Ces Cﬂ)v N = Mo (9, eTs h‘s Cgy C,,) (3.2)
The dependence of the known parameter 0, is not substantial, hence it is not shownhere,
The solution sought has the following form in the interval 0 ~ 1 [1]:

k 3
Eoany = B + Q' €88, Mpesny = Moy + 2 e'éne) (3.3)
1=1 =1
The unknown functions §f; and &v(;, must satisfy the conditions §&,, (8,) =
81y (Br) = 0, and are determined, successively, from the equations

dog 2R
= ( TN > 88 +< ) o) 81y + vy (8,70, b, ez, ) @.4

dbn i aZR
—p = — ( 3520> 88w — kaﬁ a’%‘) 81y + wiy (8, 01, b, €5, c0)

Here the expressions of the type (92R, / In0E) mean that the derivatives are calcul-

ated for the generating solution (3. 2), and v(;;; W(i) are functions, known for each step,
€.8 vg = (0R; / 0n), wy = — (IR, / GE). The solution of the linear inhomoge-
neous system (3, 4) can be constructed using the method of varying the integration con-
stants, and is based on the fundamental system of solutions X of the corresponding ho-
mogeneous system, Taking into account the initial and the boundary conditions, we ar-
rive at the expressions which yield a unique solution of the boundary value problem

3 Bue(0)
Haq(, 1Baci(0)

V(i)
W)y

(3.9)

‘de' Xb(‘l) +

)‘ Xbay+ X S
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081y / Ocz 0y [ Ocy bz i) H 0 E
My [0cz Oy [ ey by — Buaci) (O7)
6&1) / 865‘90 = I, dg(l) / 6Cn !90 = 0, aT](U / (76,, IQT == 1, 61;(1, / (?Cg. lQT =0

(i) = =

<

Here [ denotes a unit n X n-matrix, & and M are column vectors, and all functions
appearing here also depend on the real parameters 2, 97, ¢¢ and ¢,. It must be noted
that the functions 8§, and &7, depend on 0, and are therefore slow. In construct-
ing the required solution &kiy), Mk+1) we can utilize the recurrence procedure of the
method of consecutive approximations in the powers of &.

2°, We use (2, 3) to construct the solution of the ( k + 1 )~th approximation to
the initial system (2. 1) x X

@y = &) + 2 &80as,  porny =M + | lﬂiﬁpi (3.6
=1 3

The functions ey, and Opg;) which depend on 4, 8, O, A, ¢z and ¢, can be deter-
mined successively by substituting (3. 6) into (2, 3) and equating the coefficients of like

owers in ¢, e. g,
d 8 dayy = 8%y — (8o, / 0n), O8pu) = dngy + (90, / 98) (3.7
As the result, we obtain the following approximate expressions for the functions g andp:

Ak+1) = ‘E(l) + BAa(k)(‘p’ 91 eTs h’ Czy Cxy e)’ A1) (eo) = (3-8)
¢z + eAa; (8y)

Py = N + AP (9, 8, O, A, ¢z €4y &), (Pireny Br) =
e, -+ eApg (O7)

which represent, as we can see from (3, 6) — (3. 8), the sums of the smooth functions and
of the small oscillatory terms of the order of &,

3°, The constants of integration ¢g ana ¢, must be chosen in such a manner, that
the functions ax.;) and Py satisfy the prescribed initial and boundary conditions .
Since the right-hand sides of the expressions (3. 8) are smooth in ¢; and ¢,, we have

i k
ce = ap + . eibczay, = pr+ ;1 '8cni) 3.9
= =

The unknown coefficients 8¢z (;) and 8¢, ¢y depend on the parameters % and 6 , and
periodically on Y, and . They can be found by substituting (8, 9) into (3, 8), expand~
ing with respect to & which appears in these expressions explicitly, and equating terms
of like powers in €. In particular, we have

8¢z () = 004 / dn (R, ag, Yo N (8))s 8¢r 1y = (8.10)
—da, | 8% (h, By (B1), $r, PT)

Here the functions §, and 7 have the form (3. 2), with ¢; = @, and ¢; = pr.
As the result, we obtain the following expressions for ¢¢ and ¢,

C; = Qy -+ BACE(;;) (hs 1PT; BT’ 8)7 €y = Pr + BAC-n;(k) (hr ‘pr 9T9 8) (3.11)

where Acg g and ACy(xy are periodic in Yy . This dependence on the known para-
meters 8, and ¥P,is not shown. Substitution of (3, 11) into the expressions (3.8) for @x.1)
and P+ yields
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agvy = Eg* (8, 01, h) + elag* O, 0, br, Or, B, &) (3.12)
P(§+1) = 7](1)* (9, Or, h) + 8Ap(k)* (‘I’? 0, ¥, Or, h, €)

g(.l) = g(l) (e’ Or, A, s pT)y "1(1)* = M) (0, 0z, &, ay, pT) (3.13)
Aagey*o, = Apay* lop = 0
The functions Aagy* and Ap* are obtained by discarding terms of the orderof e¥+!
and higher in (3, 5), Approximate computation of the coefficients ¢; and ¢, can be car-
ried out using either the method of consecutive approximations in the powers of g , or
the method of tangents,

Thus we obtain the ( & -+ 1 )-th approximations for the functions @ and p , satisfying
the given initial and boundary conditions, We estimate the neamess of the solution con=-
structed for the boundary value problem (2, 1) with Jrand k given, using the difference
equations Ag = @ — a4y and AP = p — p(iyy [1]

where

dda _ [ 2Q N\, _ (9% Aaly, =0 (3.14
o ekanag)Aa 8< )Ap—|—eRa+eFa, Aa g, (3.14)

%ATD— <?>2§)A —I—a(a‘:,aQ )AP+SRP+8FP’ APy =0

Under the assumption adopted in Sect, 2, the solution (3. 14) of the boundary value prob-
lem vanishes if R, = Ry = 0. Introducing the corresponding column vectors g, r
and ¢ and the square matrix B, we can write the system (3, 14) in the form

dg/dp =eBg+er+ep, r=0FE"), ¢y=0(eg|+ g (3.15)
Using the transformation

g =gyt+¢e U (B — (BY) d¥’lgn (8. 16)

which is almost an identity and in which the integration is carried out only over the ex-
plicit argument P, we reduce the system (3. 15) to the form

dgy | db = e (BY gy + erg) + €0y, Ty=0 (")  (3.17)
Pa) = 0 (| egwy | + gmy?)

Since the functions r(;y and @ obtained from r and @, respectively, are unwieldy,
we omit them from here,

It can be shown that guy = O (rw) for & [Py, Yrl, Yr ~ -1, In fact, the solu-
tion of the boundary value problem for the system (3. 17) can be found by solving a set

of 2n integral equations (see (3.5)) o

g = Xl + XES Xt rg + Pw) AV (3.18)
bo

Here the vector ;) is determined similarly as b;)in (3. 5), and its components represent
linear functionals of the vector (ru) + ®(1))- We constiuct the solution of the system
(3. 18), using the method of consecutive approximations in the powers of ¢ . When |8|
is sufficiently small, the nonlinear integral operator of g1 (3.18) has aunique fixed point,
i.e, the consecutive approximations converge uniformly to a unique solution g)* =
O (r;)) [14]1. Then from (3. 16) it follows that Aa, Ap ~ €¥+! for given Yr ~ e~
and A,



976 L. D, Akulenko

4°, The parameter Pr and function (¢, &, €) can be found with an error of or-
der O (&¥) ,using the formulas (2. 2). The relation for determining the quantity 8 (¢,
h, &) 1n the ( ; 4 1 )-th approximation assumes the following form after substituting
the expressions (3, 12), (3. 13) and discarding the terms of higher order of smallness in €;

8(k-+1) 0
0 T
[1 + SA\F(k) (-8_. , 9, *—-——(Z+1) s BT(;HI), h, 8)] de. =7 (3.19)
0y “)(E(l))
The quantities 0 and (O are obtained with an error of ( (e*¥+!). When k> 1, we have
k—1
AWy = Z et ®; (P, 8, Yroy, Orciany, ) (3. 20)
=0

As was said before, the dependence of { and P is of periodic character, Substitution
of (3. 20) into (3, 19) carried out at T = L, yields the following expression for the para-
meter Q7 ¢ 07 (k+1)

M (k13) B1(ke1)y By €) = S (1 +eA¥y)——=1L (3.21)
3 (5(1))

The solution ot the transcendental equation (3, 21) is obtained in the form of an asymp-
totic expansion

k
eT(k+1) (h, 8) = eT(l) (h) + 21 SiGGT(i) = E)T(l) + GAeT(k) (30 22)

In the first approximation, the parameter fr is found from Eq, (3.21) with & = 0 :
My (87, k) = 0. Let the solution Or(y) (k) exist and dM(yy / 807y # 0 forthis
particular value of the root. Then the increment 00r(; is given by

oM 07a1)
aeT( ) L 80y = — S 8¥ 0> (0, V) + 8011y, Orry, B) X (3.23)

8o

do
o (Egyy (8, 074, b))

The above expression certainly has a solution, since it contains a bounded periodic func-
tion 887y in its right-hand side, If 807y is a simple root of (3. 23), then all coeffici~
ents of §0r(;) are found successively from linear equations of the form

T .

oM <Y\ do ; .
. — w7 80 = 0;(h), i1=2.....k
[ + g a“)()T(l) (Z(l))] o ( )

where O; (k) are known functions of h,e.g.

B7(1) 1
b= — | ([0 +0¥0 — O¥ad] -

B0
] -2
° E’(” 867w + ( — ) §(1)59T\1)} db

The approximate solution 0.q) of (3.19) can be constructed in a similar manner.
In particular, the first approximauon O, (v, 4) is obtained uniquely from (3, 19) with
¢ = 0. The remaining coefficients are calculated consecutively, e. g.
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%)

* r et 35.
801y = @ (Ewy) g [60 Gw) 35 D 8§67y +
8 T(1)
B> (0, Pro) + 801, Orcn, 1) |~
w (Ea(l))

Thus,we find that for a given value of the parameter % , the admissible solutions of the
boundary value problem (1, 1), (1. 3), (1. 4), (1. 6), (1. 7) in the ( £ 4 1 )-th approxima=-
tion are constructed in the form of (3. 12) in which the values obtained for ., (¢, A,
g) and Oy (7, €) have been substituted,

5°, The parameter k must satisfy the condition of transversality for the variable
g (1,7), and its value must be computed with the accuracy of ~ g*+! in order that
the degree of accuracy indicated in the above relations is really attained. For the essen-
tially nonlinear system considered here, it was established in [2] that 9y / Ok ~ &7,
therefore the value of & sought is determined (nonuniquely) from-the equation 2 =
— Ay (aT@+1 Y1y Pry U, €), since the error ~ek in determining o can be com-
pensated by varying the value of 4 by the amount ~eg¥+1 which represents the admis-
sible error of the computation, Further, it was shown in [2] that a root of the first appro-
ximation equation exists equal to ki) = — <41> (Er, pr, 0, 0). If this root is
simple, then at a sufficiently small |e| the initial equation admits a discrete set of roots
{h}. As & — 0, these roots fill a certain continuous interval [k, k,] which includes
the point A, (see Fig, 1),

) - Ajk ;{HU
P(?m
¥
_<A10 |
: |
P ! 2
0 ll 1 () 1 2 P h(,)
Fig. 1 Fig, 2

The ( k + 1)-th order approximate solution of the problem of optimal control (1, 1),
(1, 2) consists now of choosing such a value h* & {h} in the e-neighborhood of the
point hyy € [hy, k), that the functional (1,2) computed with an error of order &k +1
reaches a minimum N .
J(k+l) [h] = Q1T(k+1) —> ImIN he {h} (3. 24)
Figure 2 depicts a typical form of the function J x4y [2] in the neighborhood of alocal
minimum, Substituting the expressions obtained in (1, 6), we construct the approximate
control law - .
Uksny = V (@ ¥, Plesryy Qlkans ©) (3. 25)
All the above arguments are formulated in the following assertion,

Theorem, Let the following conditions hold,
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1) The problem of optimal control (1, 1), (1, 2) has a unique solution belonging to the
admissible region for 0 <C | & | < €.

2) The right-hand sides of the system (2, 1) possess continuous partial derivatives with
respect to @, p and &€ ,of up to the ( k 4 1 )-th order,

3) The boundary value problem (2, 1) admits a unique solution, and the boundary va-
lue problem of the first approximation has the property of stability described inSect, 3,
1°,

4) The condition of "rapid oscillation" is fulfilled in the first approximation: 30y
(Bay) / 0 = 0.

Then the functions (3, 12) yield a solution of the problem of optimal control(1.1),(1.2)
with an error of the order O (e¥+!) in the time interval T — ¢, ~ Le™! in terms of
the slow variable a and the functional J. The approximate optimal control and the
minimum value of the functional have the form (3, 25) and (3. 24), respectively ,

It must be noted that the method developed here can be used to solve other problems
of optimal control by slow variables, Such a case occurs when the system (1., 1) has to
be transferred to a smooth set independent of the rapid variable, at some fixed instant
oftime t = T ~ &1,

The author thanks F. L, Chernous'ko for the interest shown and for valuable comments,
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(Sverdlovsk)
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The problem of optimal stabilization is solved for controlled linear systems
with white noise, The optimal solution is obtained by the method of success-
ive approximations each of which represents the optimal solution of the rela-
ted determinate problem, Necessary and sufficient conditions of stabilizabil-
ity are given,

1, Formulation and transformation of the problem. Consider a sto-
chastic controlled system of the form

k m
%: (A +20r§r.>x+(b+2¢rnr.>u (1.1)
r=1 r=1
Here z is an n~-dimensional phase coordinate vector, u is the scalar control, A and O,
are constant (72 X n)-matrices, b and ¢, are constant n-vectors, &' (&) (r =1, . . .,
k) denote the noise present in the object and 0', (£) (r = 1, . . ., m) is the noise pre~
sent in the control channel, In addition, all §, (f) and 7, (¢) are standard Wiener pro-
cesses independent within the set,
Let us consider a problem of optimal stabilization [1— 5] of the system (1. 1) with the
quality criterion oo

Iw) =M\ (2*Gz + Wurjar, 2>0 (1.2)
0

where G is a positive definite ( # X n )-matrix (G > 0).
If the Bellman function associated with the problem (1. 1), (1. 2) is sought as a positive
definite quadratic form z*Mz, the matrix M > 0 satisfies the equation

K
A*M+MA+ZG1-*M0}“'%_%=—G (1.3)
=1

P (M) = 1'21 ‘pr*Mq)r

and the optimal control is given by the formula

uy (z) = — b*Mz/(h + @ (M)) (1.4)
Following [3, 4], we perform the following change of variables in (1,3):
D = M/ + ¢ (M)) (1.5)

This yields the system



